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Abstract: We study U(N)k Chern-Simons theory coupled to fundamental fermions and
scalars in a large N ‘t Hooft limit. We compute the thermal free energy at high temper-
ature, as well as two- and three-point functions of simple gauge-invariant operators. Our
findings support various dualities between Chern-Simons-matter theories with N = 0, 1, and
2 supersymmetry.
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1 Introduction
Large N quantum field theories with matrix fields are generally insoluble. One important
exception is that of Chern-Simons matter theories in an ‘t Hooft limit. These theories give
us a theoretical lamppost, under which we can reliably compute many observables, like the
S-matrix of massive phases [1–3], operator product expansion (OPE) coefficients at fixed
points [4–7], finite temperature response functions [8–11], and so on.
One of the most interesting insights from these large N computations (of which there are
many more e.g. [12–27]) is that Chern-Simons matter theories exhibit dualities even in the
absence of supersymmetry (SUSY). It had been well-known that pure Chern-Simons theories
enjoy level/rank dualities, for example equating Chern-Simons theory with gauge group U(N)
and level k to one with gauge group SU(k) and level −N [28–30] (see also [31]). In a sense this
duality survives when both gauge theories are appropriately coupled to a single fundamental
field at large N , k with N/k held fixed. The basic example relates Chern-Simons theory
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coupled to a Dirac fermion, to Chern-Simons theory coupled to a scalar with a mass and
quartic coupling tuned to a Wilson-Fisher like critical point.
In the years since there has been a significant amount of evidence accumulated that there
is a wide family of these dualities, and that they persist to finite N , even down to N = 1.
In this article we focus on Chern-Simons theory coupled to matter in the fundamental repre-
sentation. In the absence of SUSY, there are several broad sequences of proposed dualities.
The first is the “master duality” of [32, 33], which relates Chern-Simons gauge theory cou-
pled to fundamental Dirac fermions ψ (we label the fermion of the dual as Ψ) and complex
“Wilson-Fisher” scalars φ (Φ); its precise statement at finite N and k is
SU(k)−N+Nf
2
with Nf ψ ,Ns φ ↔ U(N)k−Ns
2
with Ns Ψ , Nf Φ , (1.1)
provided that the “flavor bounds” Nf ≤ N , Ns ≤ k, and (Nf , Ns) 6= (N, k) hold. Here the
subscript on the gauge group indicates the Chern-Simons level. There are also versions with
unitary gauge groups on both sides that follow from this proposal, as well as proposals with
orthogonal and symplectic gauge groups. The previously proposed dualities of [34, 35] are a
special case of (1.1), with either Nf = 0 or Ns = 0.
1 For other works at finite N see [37–42],
including analogous proposals for dualities between quiver gauge theories. There has also
been progress in embedding these dualities into string theory and AdS/CFT [43–45].
There are significant checks of this proposal in the ‘t Hooft limit when there is a single
scalar or fermion on either side. In that limit the gauge-invariant operators are the singlet
operators |φ|2 or ψ¯ψ of dimension ∆ = 2 + O(1/N), a U(1) conserved current, the stress
tensor, and a tower of approximately conserved currents of spin s > 2. One important
technical simplification is that, in this limit, there are no approximately marginal operators.2
Away from the ‘t Hooft limit it is impossible to perform concrete computational checks
that observables, say the thermal free energy, are the same on one side of the duality as
the other. However there are some powerful, non-perturbative, albeit indirect checks of
the proposal. These include the matching of ‘t Hooft anomalies, the matching of massive
semiclassical phases, and the matching of quantum numbers of baryon operators on the SU
side with those of monopole operators on the U side. These checks build upon those already
performed in [34, 35, 46] when each side of the duality has only fundamental fermions or
scalars. In the latter case, the simplest possible version of the duality is at N = k = 1,
equating a free Dirac fermion with U(1)1 Chern-Simons theory coupled to a Wilson-Fisher
scalar. Assuming that this duality holds, the authors of [47, 48] (see also [49]) have derived
an entire web of dualities using path integral techniques. This web includes particle/vortex
duality, which has been long-established, giving another indirect piece of evidence.
1When either Nf or Ns = 0, i.e. when we have Chern-Simons theory coupled to purely scalar or fermion
matter, there is evidence [36] for a different dual description slightly beyond the “flavor bounds.”
2Both sides of the proposed duality (1.1) are characterized by discrete data, the rank N , level k, and the
number of fundamental fields, as well as an approximately marginal operator (ψ¯φ)(φ†ψ). It is not known
whether this operator becomes irrelevant or relevant at large but finite N .
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There are also strong arguments from a lattice construction [50, 51] for the dualities (1.1)
when Ns = 0 for k = 1 and general Nf , N satisfying Nf ≤ N . Finally, there is some reason
to believe that the dualities (1.1), at least for certain values of the parameters, are inherited
from parent dualities between supersymmetric theories with N = 2 SUSY [17, 52, 53].
Dualities of the sort (1.1) are often called “three-dimensional bosonization” because they
exchange fermions with bosons. Such an exchange is familiar from the physics of flux attach-
ment. Roughly speaking, many of these Chern-Simons dualities are the non-abelian version
of flux attachment in relativistic quantum field theory.
A second broad class of proposed dualities concerns Chern-Simons-matter theories in the
‘t Hooft limit where the matter is somewhat different than studied above. At large N and k,
the proposal reads
SU(k)−N with ψ ≈ U(N)k with Φ , (1.2)
where now ψ is a “critical” Dirac fermion, the analogue of a Wilson-Fisher scalar, and Φ is
an ordinary complex scalar. At large N the lowest-dimension gauge-invariant operator on
both sides is ψ¯ψ or |Φ|2, both of dimension ∆ = 1 + O(1/N). Consequently both sides are
characterized by an approximately marginal sextic coupling, and the duality map not only
exchanges level and rank but also maps the sextic couplings. The beta function of the sextic
coupling has recently been computed to O(1/N) [23], with the result that the approximate
line of fixed points becomes, on each side, three isolated fixed points. There is a consistent
duality map between the three fixed points of the SU theory with the three fixed points of
the U theory. Less is known about these theories at finite N .
A third class involves Chern-Simons-matter theories where, on both sides, there are
“regular” fundamental fermions ψ and scalars φ. Let Ns and Nf denote the number of
scalars and fermions of one side, and N ′s and N ′f the number of the other. These dualities
differ a bit from those above. In the ‘t Hooft limit the dimension of |φ|2 is 1 + O(1/N) and
the dimension of ψ¯ψ is 2 + O(1/N). Consequently any such dual pair must Ns = N
′
s and
Nf = N
′
f , with the duality map taking scalar (fermion) bilinears to scalar (fermion) bilinears.
The best understood dualities of this type are the Giveon-Kutasov dualities [54] (and their
more general cousins [55]) between N = 2 SUSY Chern-Simons-matter theories. The simplest
models in question here are Chern-Simons gauge theories coupled to Nf chiral multiplets in
the fundamental representation with a superpotential tuned to the unique point preserving
N = 2 supersymmetry. These theories are completely specified by the gauge group, level, and
matter content. For U(N)k Chern-Simons theory coupled to a single chiral multiplet there is
evidence for the duality at large N stemming from direct computation [8, 14], and at finite
N there are checks from the computation of sphere partition functions via supersymmetric
localization [55] as well as brane constructions [54, 55].
These isolated N = 2 points are, at large N , connected to a manifold of N = 1 theories
parameterized by approximately marginal superpotential deformations. TheseN = 1 theories
have been studied very recently [26] for U(N)k gauge group coupled to Nf chiral multiplets.
One complication that arises now relative to the examples mentioned above is that there are
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two approximately marginal couplings (consistent with the supersymmetry) with different
flavor structure under the SU(Nf ) global symmetry that rotates the Nf chiral multiplets.
Going all the way down to N = 0 supersymmetry, the only studies of these Chern-
Simons dualities to date is in the ‘t Hooft limit with a single fermion and scalar on both
sides, including the computation of the thermal free energy [8, 14].
From this brief review, we see that with the recent exception of a preliminary analysis of
N = 1 theories [26], the existing large N analyses have studied Chern-Simons theory coupled
to a single boson, a single fermion, or both. There is a gap in the literature concerning large
N Chern-Simons theory coupled to multiple flavors. The goal of this work is to start filling
this gap. Throughout we take the large N, k limit with the number of fundamentals fixed.
We study three sets of large N theories to leading order in large N :
1. U(N)k Chern-Simons theory coupled to Nf fermions and Ns scalars. When Nf 6= Ns,
we enforce a SU(Nf )× SU(Ns) global symmetry. This theory is characterized by four
approximately marginal couplings. When Nf = Ns, we enforce a diagonal SU(Nf )
global symmetry, and this theory has five approximately marginal deformations. For
specific values of these couplings the theory exhibits N = 1 and N = 2 supersymmetry.
2. Setting Ns or Nf to vanish, we consider U(N)k gauge theory coupled to regular scalars
or critical fermions. These theories are characterized by three approximately marginal
sextic couplings.
3. Finally, from the parent with Nf fermions and Ns scalars we add relevant scalar defor-
mations which drive the model to U(N)k Chern-Simons theory coupled to Nf regular
fermions and Ns Wilson-Fisher scalars.
In each case we compute the thermal free energy as well as the two- and three-point functions
of the scalar and fermion bilinears. These are the simplest observables which are not fixed by
the symmetries of the problem.3
The third set of theories is the simplest. To leading order in large N the free energy “falls
apart” as
F = NfFf (N, k) +NsFs(N, k) , (1.3)
where Ff and Fs are the thermal free energies obtained in [8, 14] for U(N)k Chern-Simons
theory coupled to a single fermion or a single Wilson-Fisher scalar. There is a similar result
for the two- and three-point functions of the fermion and scalar bilinears. These results are
consistent with the “master” bosonization duality (1.1) to leading order in large N .
The second model is less trivial, but we still find evidence for a bosonization duality.
As for the first model, we find that there is a consistent large N duality only when
Nf = Ns, with interactions that break the SU(Nf ) × SU(Nf ) free-field global symmetry to
3There are also approximately conserved higher spin operators. In the theory a single fermion or boson,
their correlation functions with each other and the scalar/fermion bilinears are fixed by an approximate higher
spin symmetry [56, 57]. We expect this to remain true for general Nf and Ns.
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the diagonal SU(Nf ). This model may be tuned to the N = 2 supersymmetric point, and the
duality on the large N conformal manifold may be thought of as arising from a parent Giveon-
Kutasov self-duality on Chern-Simons theory coupled to Nf chiral multiplets. Because the
N = 2 point is believed to be exact at finite N , it follows that the induced duality on the
rest of the large N conformal manifold will pass all of the finite N tests described above.
We also study the more general dualities of [55], analogous to four-dimensional Seiberg
duality. The “electric” side is Chern-Simons theory coupled to Nf chiral multiplets in the fun-
damental representation of the gauge group and Nf chiral multiplets in the antifundamental
representation. The “magnetic” side is Chern-Simons theory coupled to Nf antifundamental
multiplets and Nf fundamental multiplets, along with NfNf gauge neutral mesons in the
adjoint representation of the SU(Nf )×SU(Nf ) global symmetry with a cubic superpotential
coupling to the flavor multiplets. Owing to the structure of the matter interactions, which is
completely fixed by N = 2 supersymmetry, we find the thermal free energy also “falls apart.”
At leading order in large N the mesons do not contribute to the thermal free energy, which
for U(N)k gauge theory takes the form
F = NfFχ(N, k) +NfFχ¯(N, k) , (1.4)
with Fχ the free energy of U(N)k gauge theory coupled to a single fundamental chiral multiplet
and Fχ¯ the free energy of U(N)k coupled to a single antifundamental chiral multiplet. (In
the absence of any other deformations, Fχ = Fχ¯, but we find it convenient to separate the
free energy this way since we expect the splitting in (1.4) to continue to hold in the presence
of mass deformations or at finite flavor chemical potential.)
At both finite and zero temperature we focus almost exclusively on the large N fixed
points. It would be interesting to further probe these theories by relevant mass and quartic
deformations, including to study their Higgs phases as in [22]. We have also left U(N)k
Chern-Simons theory coupled to Ns regular scalars and Nf critical fermions for future study.
The model with Nf = Ns and diagonal SU(Nf ) global symmetry is characterized by 14
approximately marginal sextic deformations for Nf > 1.
It would be particularly interesting to study the phase diagram of U(N)k Chern-Simons
coupled to multiple flavors at next-to-leading order (NLO) in the 1/N expansion. More
generally there are many reasons why it is desirable to go to NLO in 1/N . One, relevant
in the study of Chern-Simons dualities, concerns the master duality in (1.1). That proposal
hinges upon the dynamical generation of a fermion mass term in the Higgs phase with a
particular sign. This “extra” mass is generated only at O(1/N), and its computation would
either rule out or give significant evidence for the proposal (1.1).
The remainder of this article is organized as follows. In Section 2, we review our conven-
tions for Chern-Simons-matter theory. We compute the planar free energy in Section 3, and
the two- and three-point functions of scalar/fermion bilinears in Section 4. In Section 5 we
show how these results are consistent with duality.
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2 Preliminaries
2.1 Chern-Simons and holonomy
In this work we consider U(N) Chern-Simons theory at level k coupled to Nf fundamental
Dirac fermions and Ns fundamental complex scalars. We work in Euclidean signature, so
that the Chern-Simons action is
SCS =
ik
4pi
ˆ
d3x µνρ trN
(
Aµ∂νAρ − 2i
3
AµAνAρ
)
. (2.1)
We largely follow the conventions of [8]. We take the generators T aij of U(N) in the funda-
mental representation to be anti-Hermitian, with
trN (T
aT b) = −1
2
δab , T aijT
a
kl = −
1
2
δilδjk , (2.2)
so that the Chern-Simons term is
SCS = − ik
8pi
ˆ
d3x µνρ
(
Aaµ∂νA
b
ρ +
1
3
fabcAaµA
b
νA
c
ρ
)
(2.3)
In this work we will be interested in the theory at large N and k with the ratio N/k held fixed.
The large N counting implies that the observables we consider, like the thermal free energy,
of the U(N) Chern-Simons-matter theory coincides with that of SU(N) Chern-Simons theory
coupled to the same matter. Similarly, for U(N) =
(
SU(N)×U(1))/ZN Chern-Simons-matter
theory, we may consider different levels for the SU(N) and U(1) factors, i.e.
U(N)k,k+n =
(
SU(N)k × U(1)kN+N2n
)
upslopeZN . (2.4)
Holding n fixed at large N , the same counting implies that the leading order result for many
observables is independent of n.4 Thus in what follows we restrict our attention to U(N)k
Chern-Simons-matter theory.
We regularize the theory (following [8]) by imposing a hard spatial momentum cutoff
Λ, which cures many UV divergences. The remaining divergences, which appear in the sum
over modes to obtain the free energy, will be dealt with later. In this regulatory scheme the
level k is related to the level kYM that appears when regularizing with a small Yang-Mills
term by k = kYM +Nsgn(kYM ). In the Introduction we used the Yang-Mills convention, but
switch here and henceforth. Notably, in the cutoff convention, |k| ≥ N . Pure Chern-Simons
theories famously exhibit level/rank duality [28–30]. In the Yang-Mills regularization, the
basic sequence of level/rank dualities reads
SU(N)−kYM ↔ U(kYM )N , (2.5)
4Notable exceptions include the dimension of monopole operators of theories with U gauge group, and of
baryon operators in theories with SU gauge group.
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which in our conventions is
SU(N)−k ↔ U(|k| −N)k . (2.6)
The conjectured dualities we study between Chern-Simons-matter theories may be thought
of as “flavored” versions of level/rank duality, in which we begin with a level/rank duality,
and then add suitable fundamental matter to both sides.
The Chern-Simons level obeys a quantization condition. If we define the phase of the
fermion functional determinant via the η-invariant (see e.g. [48] for a discussion) so that it is
gauge-invariant, then the quantization condition is
k ∈ Z . (2.7)
This level receives a one-loop exact shift after integrating out a massive fermion. In these
conventions, integrating out a massive fundamental Dirac fermion of mass m leads to
k →
{
k m > 0 ,
k − 1 m < 0 .
(2.8)
When we compute the thermal free energy in the next Section, we place the theory on
R2×S1, using complex coordinates x± = 1√
2
(x1±ix2) for space and x3 ∼ x3 +β for Euclidean
time. In Section 4, when we compute zero temperature correlation functions, we take β →∞.
At both finite and zero temperature we gauge-fix A− = A1+iA2√2 = 0, so that the Chern-Simons
term becomes5
SCS =
k
4pi
ˆ
d3xAa+∂−A
a
3 . (2.9)
We work in an ‘t Hooft limit in which N, k →∞ with N/k, Nf , and Ns held fixed. The
‘t Hooft coupling is
λ =
N
k
, (2.10)
which obeys
|λ| ≤ 1 , (2.11)
on account of N ≤ |k|. In terms of λ the level/rank duality (2.6) between pure Chern-Simons
theories maps the ‘t Hooft coupling of the SU(N) theory to that of the U(|k| −N) theory as
|λ| → 1− |λ| , sgn(λ)→ −sgn(λ) . (2.12)
At zero temperature the gauge field has trivial holonomy in the 3-direction. However, at
high temperature, the gauge field acquires a non-trivial holonomy around the thermal circle
as first argued by [8]. This holonomy is characterized by the zero mode
A3 = 1
V2
ˆ
R2
d2xA3 , (2.13)
5In these conventions the invariant tensors are δ33 = δ+− = 1 and +−3 = i.
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with V2 the regularized volume of R2. One may use the residual gauge freedom to set ∂3A3 = 0
and then diagonalize the constant matrix A3. The holonomy around the thermal circle is then
a = iβA3 , (2.14)
which is purely real and whose eigenvalues are periodic with periodicity 2pi. The end result
of [8] is that, at high temperature T
2V2
N  1 and in the limit with N  1 and λ = N/k fixed,
the eigenvalues of a are uniformly spread around 0 with width 2pi|λ|, i.e.
aii → a(u) = 2pi|λ|u , u ∈
[
−1
2
,
1
2
]
. (2.15)
Accordingly we replace sums over eigenvalues with an integral over u according to this dis-
tribution,
N∑
i=1
F (aii)→ N
ˆ 1
2
− 1
2
duF (2pi|λ|u) . (2.16)
Observe that the filled fraction of the circle is |λ|, so that under level/rank duality the filled
fraction is exchanged with its complement.
2.2 Lagrangians
In large N Chern-Simons-matter theories there is a distinction between “regular” scalar fields
and “critical” scalar fields. In a theory of “regular” scalars φα the operator (φ†αφβ) has
dimension ∆ = 1 + O(1/N), while in a theory of “critical’ scalars it has dimension ∆ =
2 + O(1/N). As the name suggests, to obtain a theory of regular scalars one simply couples
fundamental scalars to a Chern-Simons gauge field. The critical theory is obtained by adding
a mass term and quartic interaction and tuning to the non-trivial attractive fixed point. It
can be thought of as a gauged version of the Wilson-Fisher theory, and for this reason scalars
of this type are sometimes called Wilson-Fisher scalars. There is a similar story for “regular”
and “critical” fermions.
2.2.1 Regular matter
Let us begin by considering a Chern-Simons-matter theory with regular fermions and scalars.
Denote the fermions as ψm and the scalars as φα, where m = 1, 2, .., Nf and α = 1, 2, .., Ns.
The action of our Chern-Simons matter theories is
S = SCS +
ˆ
d3x
(
ψ¯m /Dψ
m + |Dφα|2
)
+ Sint , Dµ = ∂µ +Aµ , (2.17)
where SCS is given by (2.9) and Sint describes interactions amongst the ψ
m and φα. The
maximal non-abelian global symmetry is SU(Nf ) × SU(Ns). For Nf 6= Ns we consider
only those interactions which preserve it. When Nf = Ns, with supersymmetric theories in
mind, we also allow for interactions which preserve the diagonal global symmetry SU(Nf )×
SU(Ns)→ SU(Nf ). At large N the marginal interactions are
Sint =
ˆ
d3x
(
1
3!N2
V (φ) +
1
N
U(φ, ψ) + . . .
)
, (2.18)
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with
V (φ) = λ6(φ
†
αφ
α)3 + λ′6(φ
†
αφ
α)(φ†βφ
γ)(φ†γφ
β) + λ′′6(φ
†
αφ
β)(φ†βφ
γ)(φ†γφ
α) ,
U(φ, ψ) = λ4(ψ¯mψ
m)(φ†αφ
α) + λ′4(ψ¯mψ
n)(φ†nφ
m) ,
(2.19)
and the dots indicate terms, like (ψ¯mφα)(φ
†αψm), which are marginal at large N but which do
not contribute to the large N solution. Parantheses denote the contraction of gauge indices,
e.g.
(φ†αφ
β) = φ†αiφ
βi . (2.20)
The coupling λ′4 only exists in the theory with Nf = Ns, and breaks the flavor symmetry
down to a single copy of SU(Nf ). Clearly when there is a single scalar all of the sextic
couplings are identical and, if there is a single fermion, λ′4 is also redundant.
When Nf = Ns it is possible to tune to the couplings to preserve N = 1 or N = 2
supersymmetry. If we preserve N = 1 SUSY, then the theory above is U(N)k Chern-Simons
theory coupled to Nf fundamental chiral multiplets Φ
m with a superpotential
W = − w1
2N
(
Φ¯mΦ
m
)2 − w2
2N
(
Φ¯mΦ
n
) (
Φ¯nΦ
m
)
, (2.21)
in terms of which the matter couplings in (2.19) are constrained as
λ6 = 6w
2
1 , λ
′
6 = 12w1w2 , λ
′′
6 = 6w
2
2 , λ4 = w1 , λ
′
4 = w2 + 2piλ . (2.22)
N = 2 supersymmetry uniquely fixes the superpotential to be
W =
2pi
k
(
Φ¯mT
aΦm
)2
= −pi
k
(Φ¯mΦ
n)(Φ¯nΦ
m) , (2.23)
i.e.
w1 = 0 , w2 = 2piλ , (2.24)
so that
λ6 = λ
′
6 = λ4 = 0 , λ
′′
6 = 24pi
2λ2 , λ′4 = 4piλ . (2.25)
There is significant evidence that the N = 2 theory above exists and is superconformal.
See e.g. [58]. There is also significant evidence that it enjoys a self-duality under (2.12),
i.e. under |λ| → 1 − |λ| [54]. We may view the N = 1 theory above as a superpotential
deformation of the N = 2 theory. It has recently been shown [26] that the manifold of N = 1
theories is only approximately superconformal at large N , and that an isolated set of points
on this manifold correspond to SCFTs. Unlike in four dimensions, the superpotential of a
three-dimensional N = 1 supersymmetric theory receives perturbative corrections. For a
corresponding computation of the beta function of the sextic coupling of Chern-Simons gauge
theory coupled to a single regular scalar or a single critical fermion see [23].
The N = 2 self-duality is the simplest example of a broader set of “Giveon-Kutasov”
dualities first described in [55]. In this broader set the “electric” theory is Chern-Simons
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gauge theory coupled to Nf fundamental chiral multiplets and Nf anti-fundamental chiral
multiplets, while the “magnetic” description is Chern-Simons gauge theory coupled to Nf fun-
damental chiral multiplets, Nf anti-fundamental chiral multiplets, and NfNf gauge-neutral
“mesons.” It is easy to also compute the large N thermal free energy of these theories, as we
describe in Subsection 5.3.1.
2.2.2 Critical matter
We also consider the theory of Ns critical scalars and Nf regular fermions coupled to a Chern-
Simons gauge field. At large N this theory is obtained by first setting the couplings in the
scalar potential and scalar/fermion interaction to vanish, and adding a mass term for the
scalars,
S → S +
ˆ
d3x (σB)
α
β(φ
†
αφ
β) . (2.26)
We are to compute the exact propagators and thermal free energy as a function of σαβ. We
then promote (σB)
α
β to be a dynamical field, and extremize the on-shell action with respect
to it. The resulting theory is the Legendre transform of the regular theory with respect to
the operator (φ†αφβ), which in the deformed theory has dimension 2 +O(1/N). In this theory
the only marginal operator at large N is
(ψ¯mφ
α)(φ†αψ
m) , (2.27)
which however only contributes at O(N0) to the propagators and thermal free energy. (If
Nf = Ns there is also the operator (ψ¯mφ
m)(φ†nψn), which is also subleading at large N .)
Consequently this theory is characterized at leading order in large N by the discrete data
(N, k,Nf , Ns).
Similarly we could consider Ns regular scalars and Nf critical fermions, which at large N
is the Legendre transform with respect to the operator (ψ¯mψ
n). This theory is characterized
at large N by 10 marginal couplings in the matter potential when Nf 6= Ns, and 14 when
Nf = Ns. We do not consider it further.
An intermediately complicated theory is that ofNs critical scalars andNf critical fermions.
To obtain it we tune the couplings in the scalar potential and scalar/fermion interaction to
vanish, and add mass terms for the scalars and fermions,
S → S +
ˆ
d3x
(
(σB)
α
β(φ
†
αφ
β) + (σF )
m
n(ψ¯mψ
n)
)
, (2.28)
along with additional marginal interactions
Sσ = N
ˆ
d3x
(
α3
3
tr(σF )
3 +
α′3
3
tr(σF )tr(σ
2
F ) +
α′′3
3
tr(σ3F ) + α2tr(σB)tr(σF ) + α
′
2tr(σBσF )
)
.
(2.29)
The last coupling, α′2, only exists when Nf = Ns and we preserve the diagonal SU(Nf )
global symmetry. We then promote σB and σF to dynamical fields and extremize the on-
shell action with respect to them. We expect that this model is dual to the theory of Ns
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regular fermions and Nf regular scalars with an appropriate action on the five approximately
marginal couplings, but we do not investigate it further.
The proposed master duality (1.1) of [32, 33] states that the theory of critical scalars and
regular fermions is dual to a theory of critical scalars and regular fermions with, at large N ,
(N, k,Nf , Ns) ↔ (|k| −N,−k,Ns, Nf ) . (2.30)
In the next Section we will compute the free energy of the theory with regular matter
(which for Nf = Ns includes submanifolds with N = 1 or N = 2 SUSY), critical matter, and
the theory with regular fermions and critical scalars.
3 Large N free energy
3.1 Bilocal action
The Chern-Simons-matter theories above may be rewritten in terms of a new path integral
over bilocal singlet fields, whose equations of motion are the Schwinger-Dyson equations for
the exact propagators and whose on-shell value yields the large N free energy. See e.g. [13, 14]
for nice discussions. In this Subsection we derive those equations of motion and saddle point
action using the techniques of [14], which ends up being a minor modification of known results.
In the “light-cone” gauge A− = 0 the cubic part of the Chern-Simons term vanishes
and so the Chern-Simons-matter action is quadratic in the gauge field. Following [5, 13],
integrating out the gauge field we obtain the action
S =
ˆ
D3q
(
φ†α(−q)(q˜2δαβ + (σB)αβ)φβ(q) + ψ¯m(−q)(iq˜µγµδmn + (σF )mn)ψn(q)
)
+N
{ˆ
D3PD3q1D3q2C1(P, q1, q2)χmn(P, q1)χnm(−P, q2)
+
ˆ
D3P1D3P2D3q1D3q2D3q3[
C2(P1, P2, q1, q2, q3)χ
α
β(P1, q1)χ
β
γ(P2, q2)χ
γ
α(−P1 − P2, q3)
+
λ6
6
χαα(P1, q1)χ
β
γ(P2, q2)χ
γ
β(−P1 − P2, q3) (3.1)
+
λ′6
6
χαα(P1, q1)χ
β
β(P2, q2)χ
γ
γ(−P1 − P2, q3)
]
+
ˆ
D3PD3q1D3q2 8piiλ
(q1 − q2)− (ξ−)
m
n(P, q1)(ξI)
n
m(−P, q2)
+ 2
ˆ
D3PD3q1D3q2
(
λ4(ξI)
m
m(P, q1)χ
α
α(−P, q2) + λ′4(ξI)mn(P, q1)χnm(−P, q2)
)}
+ . . . ,
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where we have defined the singlet bilocal fields
χαβ(P, q) =
1
N
φ†β
(
P
2
− q
)
φα
(
P
2
+ q
)
,
(ξI)
m
n(P, q) =
1
2N
ψ¯n
(
P
2
− q
)
ψm
(
P
2
+ q
)
,
(ξ−)mn(P, q) =
1
2N
ψ¯n
(
P
2
− q
)
γ−ψm
(
P
2
+ q
)
,
(3.2)
and coefficient functions
C1(P, q1, q2) = 2piiλ
(−P + q1 + q2)3(P + q1 + q2)−
(q1 − q2)− ,
C2(P1, P2, q1, q2, q3) = 4pi
2λ2
(P1 − P2 + 2q1 + 2q2)−(P1 + 2P2 + 2q2 + 2q3)−
(P1 + P2 + 2q1 − 2q2)−(P1 − 2q2 + 2q3)− +
λ′′6
6
,
(3.3)
and the dots correspond to terms which do not contribute to the large N free energy like
(ψ¯mφ
α)(φ¯αψ
m). The momenta q˜ appearing in the matter kinetic terms are the “twisted”
momenta that arise on account of the non-trivial holonomy. They are diagonal matrices in
color space with entries
q˜µ ii = qµ − δ3µaii/β . (3.4)
Further, the Fourier space integration measure D3p is that for R2 × S1β,
ˆ
D3p = 1
β
ˆ
d2p
(2pi)2
∞∑
n=−∞
, (3.5)
where the momenta of bosonic fields on the S1 are quantized as pn = 2pinβ and fermionic fields
as pn =
2pi
β
(
n+ 12
)
.
As beautifully explained in [13], one may perform an analogue of a Hubbard-Stratonovich
transformation to eliminate the matter fields in favor of new singlet bilocal fields whose
dynamics is described by a new path integral. Assuming that the dominant saddle is invariant
under translations and rotations, this saddle can be obtained by a somewhat simpler procedure
as described in [14]. Consider a symmetric saddle for the bilocal fields defined above,
〈χαβ(P, q)〉 = (2pi)3δ(3)(P )χαβ(q) ,
〈(ξI)mn(P, q)〉 = (2pi)3δ(3)(P )(ξI)mn(q) ,
〈(ξ−)mn(P, q)〉 = (2pi)3δ(3)(P )(ξ−)mn(q) ,
(3.6)
parameterized in terms of the three local functions χ(q), ξI(q), and ξ−(q). Plugging such a
saddle into the action above leads to an infrared divergent prefactor δ(3)(P = 0) which we
interpret as the spacetime volume via βV2 = (2pi)
3δ(3)(0). Note that the term involving C1
vanishes due to symmetry. Next we introduce new fields ((GB)
α
β, (ΣB)
α
β) and 2× 2 matrix
valued fields ((GF )
α
β, (ΣF )
α
β) to decouple the interactions. Here
GF = GII2 +G−γ− , ΣF = ΣII2 + Σ+γ+ . (3.7)
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The new action is
S˜ =
ˆ
D3q
(
φ†α(−q)(q˜2δαβ + (Σ˜B)αβ(q))φβ(q) + ψ¯m(−q)(iq˜µγµδmn + (Σ˜F )mn)ψn(q)
)
+NβV2
{ˆ
D3q1D3q2D3q3
[
C2(q1, q2, q3)(GB)
α
β(q1)(GB)
β
γ(q2)(GB)
γ
α(q3)
+
λ6
6
(GB)
α
α(q1)(GB)
β
β(q2)(GB)
γ
γ(q3)
+
λ′6
6
(GB)
α
α(q1)(GB)
β
γ(q2)(GB)
γ
β(q3)
]
(3.8)
+
ˆ
D3q1D3q2 8piiλ
(q1 − q2)− (G−)
m
n(q1)(GI)
n
m(q2)
+ 2
ˆ
D3q1D3q2
(
λ4(GB)
α
α(q1)(GI)
m
m(q2) + λ
′
4(GB)
m
n(q1)(GI)
n
m(q2)
)
−
ˆ
D3q tr
(
ΣB(q)GB(q) + ΣF (q)GF (q)
)}
+ . . . ,
with
Σ˜B = ΣB + σB , Σ˜F = ΣF + σF I2 , (3.9)
and
C2(q1, q2, q3) = C2(0, 0, q1, q2, q3) = 4pi
2λ2
(q1 + q2)−(q2 + q3)−
(q1 − q2)−(q3 − q2)− +
λ′′6
6
. (3.10)
In the last line, the trace is performed over flavor and spinor indices. To see the equivalence
with the original action integrate out ΣB and ΣF . Doing so sets GB(q) = χ(0, q) and GF (q) =
ξI(0, q)I2 + ξ−(0, q)γ−. Thus we see that the saddle-point solutions for GB and GF are the
color singlet parts of the exact large N bosonic and fermionic propagators.
The new action is quadratic in the bosons and fermions and so we integrate them out,
giving
S˜ =βV2trN
ˆ
D3q tr
(
ln(q˜2 + Σ˜B(q))− ln(iq˜µγµ + Σ˜F (q))
)
+NβV2
{ˆ
D3q1D3q2D3q3
[
C2(q1, q2, q3)(GB)
α
β(q1)(GB)
β
γ(q2)(GB)
γ
α(q3)
+
λ6
6
(GB)
α
α(q1)(GB)
β
β(q2)(GB)
γ
γ(q3)
+
λ′6
6
(GB)
α
α(q1)(GB)
β
γ(q2)(GB)
γ
β(q3)
]
(3.11)
+
ˆ
D3q1D3q2 8piiλ
(q1 − q2)− (G−)
m
n(q1)(GI)
n
m(q2)
+ 2
ˆ
D3q1D3q2
(
λ4(GB)
α
α(q1)(GI)
m
m(q2) + λ
′
4(GB)
m
n(q1)(GI)
n
m(q2)
)
−
ˆ
D3q tr
(
ΣB(q)GB(q) + ΣF (q)GF (q)
)}
+ . . . .
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The traces in the first and last lines are performed over flavor and spinor indices.
At this stage, for generic bosonic masses (σB)
α
β and fermionic masses (σF )
m
n, the
SU(Nf ) × SU(Ns) flavor symmetry is broken to U(1)Nf+Ns−2. However, recall that we
are ultimately interested in (i.) the SU(Nf )× SU(Ns) symmetric theories of regular matter,
(ii.) the theory with either regular scalars or critical fermions, or (iii.) the theory with regular
fermions and critical scalars.
In the first case, the fixed point is at σB = σF = 0. In the second, the massless theory
with regular scalars alone has σB = 0; the theory with critical fermions is obtained from
that of regular massive fermions with no matter potential. Setting the λ’s to vanish and
diagonalizing the fermion mass σF , we see from the action (3.11) that the Nf fermions only
couple to themselves and not each other. Finally, the theory of critical scalars and regular
fermions is obtained from the theory with regular matter and no matter potential along with a
boson mass σB. Diagonalizing it and setting the λ’s to vanish, we also see that the individual
scalars and fermions are effectively self-interacting, and do not couple to the other flavors at
leading order in large N .
In each case this simplification allows us to easily solve the equations of motion and
on-shell action.
Let us deal with each of these theories in turn. We begin with the theory of regular
massless matter, for which we make a U(Nf )× U(Ns) ansatz for the bilocal fields:
(GB(q))
α
β = GB(q)δ
α
β , (ΣB(q))
α
β = ΣB(q)δ
α
β , (σB)
α
β = 0 (3.12)
and similarly for the fermionic objects. We will tackle the other cases later in the Section.
With this substitution at hand the effective action simplifies further, becoming
S˜ =βV2trN
ˆ
D3q
(
Ns ln(q˜
2 + ΣB(q))−Nf tr ln(iq˜µγµ + ΣF (q))
)
(3.13)
+NβV2
{
Ns
ˆ
D3q1D3q2D3q3
(
N2s λ6 +Nsλ
′
6
6
+ C2(q1, q2, q3)
)
GB(q1)GB(q2)GB(q3)
+Nf
ˆ
D3q1D3q2 8piiλ
(q1 − q2)−G−(q1)GI(q2) + 2
(
Nsλ4 + λ
′
4
)
GB(q1)GI(q2)
−
ˆ
D3q
(
NsΣB(q)GB(q) +Nf trf(ΣF (q)GF (q))
)}
+ . . . .
The trace in the last line is over spinor indices alone.
3.1.1 Equations of motion
The equations of motion for ΣB and ΣF are
GB(q) =
trN
N
(
1
q˜2 + ΣB(q)
)
, GF (q) = −trN
N
(
1
iq˜µγµ + ΣF (q)
)
, (3.14)
which upon using the piecewise-uniform eigenvalue distribution (2.16) is
GB(q) =
ˆ 1
2
− 1
2
du
1
q˜2 + ΣB(q)
, GF (q) = −
ˆ 1
2
− 1
2
du
1
iq˜µγµ + ΣF (q)
. (3.15)
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The equations of motion for GB and GF give
ΣB(q) =
ˆ
D3p1D3p2
(
C2(q, p1, p2) + C2(p1, q, p2) + C2(p1, p2, q) +
N2s λ6 +Nsλ
′
6
2
)
×GB(p1)GB(p2) + 2(Nfλ4 + λ′4)
ˆ
D3pGI(p) ,
ΣI(q) = −4piiλ
ˆ
D3p G−(p)
(q − p)− + (Nsλ4 + λ
′
4)
ˆ
D3pGB(p) , (3.16)
Σ+(q) = 4piiλ
ˆ
D3p GI(p)
(q − p)− .
Plugging in the expressions (3.14) for GB and GF we can express ΣB as
ΣB(q) = (a) + (b) + (c) + (d) + (e) , (3.17)
with
(a) =
4pi2
k2
[ˆ
D3p(p+ q)−
(p− q)− trN
(
1
p˜2 + ΣB(p)
)]2
,
(b) = (c) =
4pi2
k2
ˆ
D3p1D3p2 (q + p1)−(p1 + p2)−
(q − p1)−(p2 − p1)− trN
(
1
p˜21 + ΣB(p1)
)
trN
(
1
p˜22 + ΣB(p2)
)
,
(d) =
λ6N
2
s + λ
′
6Ns + λ
′′
6
2
[
1
N
ˆ
D3p trN
(
1
p˜2 + ΣB(p)
)]2
, (3.18)
(e) = −Nfλ4 + λ
′
4
N
ˆ
D3p tr
(
1
ip˜µγµ + ΣF (p)
)
,
where in the last line the trace is taken over color and spinor indices. Similarly we have
Σ+(q) =
2pii
k
ˆ
D3p 1
(q − p)− tr
(
1
ip˜µγµ + ΣF
)
=
4pii
k
ˆ
D3p 1
(q − p)− trN
(
ΣI
(p˜− iΣF )2 + Σ2I
)
,
ΣI(q) = −2pii
k
ˆ
D3p 1
(q − p)− tr
(
γ+
1
ip˜µγµ + ΣF
)
+
Nsλ4 + λ
′
4
N
ˆ
D3p trN
(
1
p˜2 + ΣB
)
=
4pii
k
ˆ
D3p 1
(q − p)− trN
(
ip−
(p˜− iΣF )2 + Σ2I
)
+
Nsλ4 + λ
′
4
N
ˆ
D3p trN
(
1
p˜2 + ΣB
)
.
(3.19)
Comparing these equations with the “bootstrap equations” for the bosonic and fermionic
self-energies obtained in [8], we readily see that (i.) our ΣB and ΣF may be interpreted as
the bosonic and fermionic self-energies of the exact large N propagators via
〈φα(q)φ†β(p)〉 = (2pi)3δ(3)(p+ q)δαβtrN
(
1
q˜2 + ΣB(q)
)
,
〈ψm(q)ψ¯n(p)〉 = (2pi)3δ(3)(p+ q)δmntrN
(
1
iq˜µγµ + ΣF (q)
)
,
(3.20)
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and (ii.) these are the same equations they find (for a single fundamental boson and fermion)
with a flipped sign of the self-energies,
ΣB here = −ΣB there , ΣF here = −ΣF there , (3.21)
along with the replacements
λ6 there → N2s λ6 +Nsλ′6 + λ′′6 , (3.22)
and, in the scalar equation, λ4 there → Nfλ4 + λ′4, while in the fermionic equation λ4 there →
Nsλ4 + λ
′
4. These replacements effectively account for the multiple flavors. Indeed, rather
than obtaining the equations of motion for (GB,ΣB) and (GF ,ΣF ) we could simply have
summed up the planar diagrams with the same result.
3.1.2 On-shell action
Using the equations of motion, we can bring the on-shell action (3.11) into the form
S˜ = SB + SF + SBF , (3.23)
where
SB = NNsV2
ˆ 1
2
− 1
2
du
ˆ
d2q
(2pi)2
∞∑
n=−∞
(
ln(q˜2 + Σ˜B)− 2
3
ΣB
q˜2 + ΣB
)
,
SF = NNfV2
ˆ 1
2
− 1
2
du
ˆ
d2q
(2pi)2
∞∑
n=−∞
trf
(
− ln(iq˜µγµ + Σ˜F ) + 1
2
ΣF
1
iq˜µγµ + ΣF
)
, (3.24)
SBF = −βNNfV2(Nsλ4 + λ
′
4)
6
(ˆ 1
2
− 1
2
du
ˆ
D3q 1
q˜2 + ΣB
)(ˆ 1
2
− 1
2
du
ˆ
D3p trf
(
1
ip˜µγµ + ΣF
))
.
For the theory of critical scalars coupled to a Chern-Simons gauge field, we must set λ6 =
λ′6 = λ′′6 = λ4 = λ′4 = 0.
3.2 Exact propagators and free energy
We now proceed to solve the equations of motion (3.18) and (3.19) for the self-energies ΣB
and ΣF . These equations are the same as those encountered in [8] with suitable replacements
of parameters. We will mostly adapt their solution in what follows.
Taking the derivative of the equation of motion (3.18) for ΣB with respect to q and using
∂
∂q+
1
q−
= 2piδ(2)(q) ,
∂qs
∂q+
=
q−
qs
, (3.25)
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one finds that ΣB is independent of q. Similar manipulations of (3.19) for ΣF reveal that
6
ΣB(q) = β
−2µ2B ,
ΣI(q) = f(y)qs ,
Σ+(q) = ig(y)q+ ,
g + f2 =
µ2F
y2
,
(3.26)
with y = βqs and where µB, µF , f , and g, are all functions of the couplings and the matter
content. The quantities µB and µF may be interpreted as thermal pole masses. In equa-
tion (3.18) we may then substitute q = 0, for which (b) = (c) = 0. The basic integrals
remaining in that equation of motion are
IB =
1
N
ˆ
D3p trN
(
1
p˜2 + ΣB
)
= − hB
4piβ|λ| , (3.27)
IF =
1
N
ˆ
D3p tr
(
1
ip˜µγµ + ΣF
)
= − 1
4piβ2λ
(hF + 2HF )hF ,
where
hB = |λ|µB + 1
pii
(
Li2(e
−µB−pii|λ|)− c.c.
)
,
hF = |λ|µF + 1
pii
(
Li2(−e−µF−pii|λ|)− c.c.
)
,
HF = −Nsλ4 + λ
′
4
4piλ
hB ,
(3.28)
and we have chosen a convention for which µB and µF are both positive. Further, the function
f is given by
yf(y) = λ
√
y2 + µ2F +
1
pii
[
Li2(−e−
√
y2+µ2F−piiλ)− c.c.
]
+ sgn(λ)HF , (3.29)
which comes from evaluating the last line of (3.19). In evaluating the integrals (3.27) we
integrate up to a hard cutoff for spatial momenta and cancel divergences with mass countert-
erms. To evaluate the second integral, it is convenient to first sum over Matsubara modes,
then integrate over u, giving
IF =
i
2pi2β2λ
ˆ βΛ
0
dxxf(x)
x√
x2 + µ2F
ln cosh

√
x2 + µ2F − piiλ
2
− c.c.
 , (3.30)
with x = βps, and then use that
pii
∂(xf(x))
∂x
= − x√
x2 + µ2F
ln cosh

√
x2 + µ2F − piiλ
2
− c.c.
 . (3.31)
6Our conventions for f and g below are related to those of [8] by fus = −fthem and gus = −gthem.
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The equations of motion then become transcendental equations for µB and µF ,
µ2B =
(
λˆ
2λ
hB
)2
+
Nfλ4 + λ
′
4
4piλ
(hF + 2HF )hF ,
µF = hF +HF ,
(3.32)
where we have defined
λˆ2 = λ2 +
N2s λ6 +Nsλ
′
6 + λ
′′
6
8pi2
, (3.33)
and we choose the sign for µF so that it is positive.
Having solved the equations of motion we presently evaluate the on-shell action, which
gives us the thermal free energy βF to leading order at large N . We separately evaluate the
terms in the action S˜ in Eq. (3.23). The one-loop determinant terms in SB and SF are simply
Ns and Nf times the corresponding terms in the computation of [8]. As for the rest of the
bosonic term SB, it is given by
− 2NsV2β
3
ˆ
D3q trN
(
ΣB
q˜2 + ΣB
)
= −2NNsV2
3β
µ2BIB =
NNsV2
6piβ2|λ|hBµ
2
B . (3.34)
Thus
SB = −NNsV2
2piβ2
{
µ2B
3
(
µB − hB
λ
)
+
1
piiλ
ˆ ∞
µB
dy y
[
Li2
(
e−y+piiλ
)
− c.c.
]}
(3.35)
Similarly, after some manipulations we find that the fermionic contribution to the on-shell
action is
SF =
NNfV2
2piβ2
{
µ3F
3
(
1∓ 1
λ
)
+
1
4λ
(
µ2FHF +
H3F
3
)
+
1
piiλ
ˆ ∞
µF
dy y
[
Li2
(
−e−y+piiλ
)
− c.c.
]}
.
(3.36)
Finally, the interaction term SBF is
SBF = −NNf (Nsλ4 + λ
′
4)V2
6
IBIF = −NNf (Nsλ4 + λ
′
4)V2
96pi2β2λ2
hBhF (hF + 2HF ) . (3.37)
Putting the pieces together, and after extensive use of Eqs. (3.28) and (3.32), we arrive
at the large N free energy for the theory of regular matter. It is
βF =− NV2
2pi2iβ2|λ|
{
Nsµ
2
B
3
[
Li2
(
e−µB+pii|λ|
)
− c.c.
]
− Nfµ
2
F
3
[
Li2
(
−e−µF+pii|λ|
)
− c.c.
]
+Ns
ˆ ∞
µB
dy y
[
Li2
(
e−y+pii|λ|
)
− c.c.
]
−Nf
ˆ ∞
µF
dy y
[
Li2
(
−e−y+pii|λ|
)
− c.c.
]}
.
(3.38)
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All information about the self-interactions λ6, λ
′
6, etc., is subsumed into the values µB and
µF of the thermal pole masses, which are determined by (3.32). Since N/|λ| = |k|, this
presentation is tailor-made for a Chern-Simons duality under
N → |k| −N , k → −k , Ns ↔ Nf , µB ↔ µF , (3.39)
However, as we discussed in the Introduction, the spectrum of gauge-invariant operators of
a theory with Nf regular fermions and Ns regular scalars can match those of a dual with
N ′f fermions and N
′
s scalars only if Ns = N
′
s and Nf = N
′
f . Putting this together with our
result for the free energy, we see that this duality is only tenable if there are equal numbers of
fermions and scalars, Nf = Ns. In other words, if it is a self-duality. We discuss this further
in Section 5.3.
3.3 Regular scalars or critical fermions
The free energy of the theory with Nf regular scalars is given by (3.38) upon setting the
number of fermions Nf = 0.
To reach the theory of Nf critical fermions, we first set Ns = 0 along the couplings of
the matter potential, and allow for a bare fermion mass (σF )
m
n. In terms of the eigenvalues
of the bare mass matrix, which we label as σm, it is easy to repeat the analysis above for
the theory of regular matter. The resulting free energy is the sum of free energies for the
individual fermions, and reads
βF =
NV2
2piβ2

Nf∑
m=1
(
µ2mσ˜m
6λ
− σ˜
3
m
6λ
+
µ2m
3pii|λ|
[
Li2
(
−e−µm+pii|λ|
)
− c.c.
]
+
1
pii|λ|
ˆ ∞
µm
dy y
[
Li2
(
−e−y+pii|λ|
)
− c.c.
])}
,
(3.40)
where we have labeled the thermal pole mass of the mth fermion as µm and σ˜m = βσm. The
thermal pole masses satisfy
± µm = σ˜m + |λ|µm − 1
pii
[
Li2
(
−e−µm+pii|λ|
)
− c.c.
]
. (3.41)
Following the discussion in Subsection 2.2.2, we obtain the critical theory by adding the triple-
trace interactions ∆L = N3!
(
λ6F tr(σF )
3 + λ′6F tr(σF )tr(σ
2
F ) + λ
′′
6F tr(σ
3
F )
)
, which deforms the
free energy by
∆(βF ) =
NV2
3!β2
λ6F
 Nf∑
m=1
σ˜m
3 + λ′6F
 Nf∑
m=1
σ˜m
 Nf∑
n=1
σ˜2n
+ λ′′6F Nf∑
m=1
σ˜3m
 . (3.42)
We then extremize the total free energy with respect to the σm. (The variations with respect
to off-diagonal elements of σF vanish by the unbroken SU(Nf ) flavor symmetry, so it suffices
to extremize with respect to its eigenvalues.)
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Assuming an SU(Nf )-symmetric ansatz for the extremum, i,e. σm = σ for all m, we find
it to be
σ˜c = −sgn(λ)µFG , G = 1√
1− 2piλ(N2fλ6F +Nfλ′6F + λ′′6F )
, (3.43)
which is the same as for a single fermion obtained in [8] upon the replacement λ6F → N2fλ6F +
Nfλ
′
6F +λ
′′
6F . This expression holds provided that the argument of the square root is positive,
and the sign for σ˜ is obtained by the requirement that µF is positive. From the equation (3.41)
for the thermal pole mass, plugging in this value of σ˜ we obtain an equation for the pole mass
of the critical theory,
(1 +G− |λ|)µF,c = − 1
pii
[
Li2
(
−e−µF,c+pii|λ|
)
− c.c.
]
. (3.44)
Plugging the extremum σ → σc into the free energy we obtain after some simplification
βF =
NNfV2
2pi2iβ2|λ|
(
µ2F,c
3
Li2
(
−e−µF,c+pii|λ|
)
+
ˆ ∞
µF,c
dy y Li2
(
−e−y+pii|λ|
)
− c.c.
)
. (3.45)
This form is ready-made to showcase a duality with the theory with regular scalars under
Nf ↔ Ns , µF,c ↔ µB . (3.46)
For this to hold the triple trace couplings of the bosonic and fermionic theories must be
appropriately mapped to each other. We discuss this in Section 5.2.
3.4 Critical scalars and regular fermions
We obtain the theory with critical scalars and regular fermions by first taking the theory of
regular matter, setting the couplings λ6, λ
′
6, etc., to vanish, and then adding a bare bosonic
mass (σB)
α
β. As above, we diagonalize it, and refer to the eigenvalues as σα. There are now
Ns thermal pole masses for the bosons, satisfying√
µ2B,α − σ˜α = −
1
2
|λ|µB,α − 1
2pii
(
Li2
(
e−µB,α+pii|λ|
)
− c.c.
)
. (3.47)
Repeating the analysis for the free energy we find
βF = NFβFf (µF ) +
Ns∑
α=1
βFs(µB,α, σα) , (3.48)
where Ff (µF ) is the free energy of a single regular fermion with pole mass µF , given below,
and Fs is the free energy of a single regular scalar with pole mass µB and bare mass σ,
βFs(µB, σ) = − NV2
2piβ2λ
(
λµBσ˜
3
+
µ2B − σ˜
3pii
Li2
(
e−µB+piiλ
)
+
1
pii
ˆ ∞
µB
dy y Li2
(
e−y+piiλ
)
− c.c.
)
,
(3.49)
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Extremizing the free energy with respect to the σα we find that they are all identical, with
σ˜α = µ
2
B,c , (3.50)
and µB,c is the thermal pole mass of the critical theory. It and the fermion pole mass are
determined by
|λ|µB,c = 1
pii
[
Li2
(
e−µB,c+pii|λ|
)
− c.c.
]
,
±µF = |λ|µF − 1
pii
[
Li2
(
−e−µF+pii|λ|
)
− c.c.
]
,
(3.51)
Plugging this back into the free energy we obtain
βF = NfβFf (µF ) +NsβFs,c(µB,c) , (3.52)
where
βFf (µF ) =
NV2
2pi2iβ2|λ|
(
µ2F
3
Li2
(
−e−µF+pii|λ|
)
+
ˆ ∞
µF
dy y Li2
(
−e−y+pii|λ|
)
− c.c.
)
,
βFs,c(µB,c) = − NV2
2piiβ2|λ|
(
µ2B,c
3
Li2
(
e−µB,c+pii|λ|
)
+
ˆ ∞
µB,c
dy y Li2
(
e−y+pii|λ|
)
− c.c.
)
,
(3.53)
are the free energies of the theories with a single regular fermion or critical boson.
4 Large N zero temperature correlators
U(N)k Chern-Simons theory coupled to fundamental matter has a simple spectrum of gauge-
invariant operators. There are the analogue of “single trace” operators, which are matter
bilinears with derivatives acting on the matter fields. For example, for Chern-Simons the-
ory coupled to Nf regular fermions and Ns regular scalars, there are scalar bilinears of spin
s = 0, 1, .. of the schematic form Jbs ∼ (φ†∂sφ) and dimension ∆ = 1+s+O(1/N), transform-
ing in the adjoint representation of the U(Ns) that rotates the scalars. There is also a tower
of fermion bilinears Jfs ∼ (ψ¯∂sψ) transforming in the adjoint representation of the U(Nf )
that rotates the fermions. Those operators are bosonic, but when there are fermions and
bosons we also have a tower of fermionic gauge singlets ∼ (ψ¯∂sφ). The single-trace operators
have dimensions which are O(1) in the ‘t Hooft limit. The U(N)k theory also has monopole
operators, whose dimensions are parametrically of O(N). There are also “multi-trace” oper-
ators built from the product of “single-trace” operators with each other, and more general
products with monopole operators. The SU(N)k theory does not have monopole operators,
but it does have baryon operators whose dimensions are also O(N).
Building upon previous work [6, 7] we consider the correlation functions of the single-
trace operators, focusing on the spin-zero boson and fermion bilinears. We do not consider the
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mixed scalar/fermion bilinears, though it would be interesting to study these. We decompose
the purely scalar and purely fermion bilinears according to their transformation under the
SU(Ns) and SU(N)f global symmetries, i.e. into traceless and traceful parts,
(Jb)
α
β = (φ
†
βφ
α) = (Ab)
α
β +
Sb
Ns
δαβ , (Jf )
m
n = (ψ¯nψ
m) = (Af )
m
n +
Sf
Nf
δmn . (4.1)
In writing the matter potential of the theory with regular scalars and regular fermions,
or the theory with critical fermions, we did so without performing such a decomposition.
However it is useful to do so when computing correlation functions. For the theory with
regular scalars and regular fermions we rewrite the approximately marginal triple-trace and
double-trace deformations in (2.19) as
V (φ) = λ˜6S
3
b + 3λ˜
′
6Sbtr(A
2
b) + λ˜
′′
6tr(A
3
b) ,
U(φ, ψ) = λ˜4SbSf + λ˜
′
4tr(AbAf ) ,
(4.2)
with
λ˜6 =
N2s λ6 +Nsλ
′
6 + λ
′′
6
N2s
, λ˜′6 =
λ′6
3
+
λ′′6
Ns
, λ˜′′6 = λ
′′
6 ,
λ˜4 =
Nfλ4 + λ
′
4
Nf
, λ˜′4 = λ
′
4 .
(4.3)
Note that the thermal free energy, summarized in Eqs. (3.32) and (3.38), depends on λ˜6 and
λ˜4, but not the other multi-trace couplings.
Similarly for the theory with critical fermions, described in Subsection 3.3, we decompose
(σF )
m
n as
(σF )
m
n = A˜
m
n +
S˜
Nf
δmn , (4.4)
and so the triple trace couplings as
∆L = N
3!
(
λ˜6F S˜
3 + 3λ˜′6F S˜tr(A˜
2) + λ˜′′6F tr(A˜
3)
)
, (4.5)
with
λ˜6F =
N2fλ6F +Nfλ
′
6F + λ
′′
6F
N2f
, λ˜′6F =
λ′6F
3
+
λ′′6F
Nf
, λ˜′′6F = λ
′′
6F . (4.6)
Also note that the thermal free energy of this theory, summarized in Eqs. (3.44) and (3.45),
only depends on λ˜6F but not λ˜
′
6F or λ˜
′′
6F .
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Figure 1: Some contributions to the large N two-point functions of Jb and Jf . Dashed lines
indicate the scalar φ, solid the fermion ψ, wavy lines the gauge field, crosses insertions of Jb
and Jf .
4.1 Two-point functions
Consider U(N)k Chern-Simons theory coupled to either a single boson of fermion. Denote the
scalar bilinear as Jb = (φ
†φ) and Jf = (ψ¯ψ). The two-point functions of Jb and Js are [6, 7]
〈Jb(q)Jb〉0 = Gb(q) =
N tan
(
pi|λ|
2
)
4pi|λ|
1
|q| ,
〈Jf (q)Jf 〉0 = Gf (q) = −
N tan
(
pi|λ|
2
)
4pi|λ| |q| ,
(4.7)
where we work in momentum space and have stripped off the usual factor of (2pi)3δ(3)(0). The
superscript 0 on the left-hand-side indicates that these correlators are evaluated in the theory
with only bosons or fermions. These correlators are the result of summing up diagrams of
the sort pictured in Fig. 1, where gauge bosons are exchanged between exact large N boson
or fermion propagators. These diagrams are insensitive to the number of flavors, and so we
immediately obtain the two-point functions of (Jb)
α
β and (Jm)
m
n in U(N)k Chern-Simons
theory coupled to Ns scalars or Nf fermions:
〈(Jb)α1α2(q)(Jb)α3α4〉0 = Gb(q)δα1α4δα3α2 ,
〈(Jf )m1m2(q)(Jf )m3m4〉0 = Gf (q)δm1m4δm2m3 .
(4.8)
Decomposing into the adjoint and scalar parts, we find
〈(Ab)α1α2(q)(Ab)α3α4〉0 = Gb(q)(Ib)α1α3α2α4 , 〈Sb(q)Sb〉0 = NsGb(q) ,
〈(Af )m1m2(q)(Af )m3m4〉0 = Gf (q)(If )m1m3m2m4 , 〈Sf (q)Sf 〉0 = NfGf (q) ,
(4.9)
where
(Ib)
α1α3
α2α4 = δ
α1
α4δ
α3
α2 −
1
Ns
δα1α2δ
α3
α4 , (4.10)
is the unique flavor structure allowed in the two-point function of fields in the adjoint repre-
sentation. These two-point functions are the foundation we build upon.
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Figure 2: The two-point function of Jb in the double-trace deformed theory is a sum of
bubbles involving the two-point function of Jb in the undeformed theory and that of Jf ,
denoted by blobs.
Now consider U(N)k Chern-Simons theory coupled to Nf fermions and Ns scalars with
no double-trace interactions, λ˜4 = λ˜
′
4 = 0. In this theory the fermions and scalars are not
coupled to leading order in large N , and the large N two-point function of Jb and Jf are
as above. Turning on λ˜4 and λ˜
′
4 then amounts to deforming by double-trace deformations,
which lead to a simple modification of two- and three-point functions at large N .
We could also study the two-point functions of the spin−s tower of scalar and fermion
bilinears. However these are unaltered by the matter couplings discussed below, and so we
do not consider them further.
4.1.1 Regular scalars and fermions
Now consider the theory with Ns regular scalars and Nf regular fermions, which we view as
a double trace deformation by λ˜4 and λ˜
′
4.
Ns 6= NF : In this case there is a unique coupling which contributes to the large N two-point
functions, ∼ λ˜4SbSf . This in turn modifies the two-point functions of the flavor scalars Sb and
Sf , which are now given by a sum of bubble diagrams as pictured in Fig. 2. The two-point
functions of adjoints are unmodified, while the sum of bubbles gives the geometric series
〈Sb(q)Sb〉 = 〈Sb(q)Sb〉0
∞∑
n=0
(− λ˜4
N
)2
〈Sf (q)Sf 〉0〈Sb(q)Sb〉0
n
=
NsGb(q)
1 + x24NsNf tan
2
(
piλ
2
) , x4 = λ˜4
4piλ
.
(4.11a)
Similarly, defining the bubble function
BS =
1
1 + x24NsNf tan
2
(
piλ
2
) , (4.11b)
we have
〈Sf (q)Sf 〉 = NfBSGf (q) . (4.11c)
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We also find that the two-point function of Sb with Sf is nonzero, albeit a pure contact term,
〈Sb(q)Sf 〉 = −x4NsNfBS tan2
(
piλ
2
)
. (4.11d)
Ns = Nf : There are now two couplings which contribute to the large N two-point functions.
The two-point functions of the scalars Sb and Sf are given by the expressions (4.11). The
two-point functions of the adjoints are modified as
〈(Ab)m1m2(q)(Ab)m3m4〉 = BAGb(q)(Ib)m1m3m2m4 ,
〈(Af )m1m2(q)(Af )m3m4〉 = BAGf (q)(Ib)m1m3m2m4 ,
〈(Ab)m1m2(q)(Af )m3m4〉 = −x′4 tan2
(
piλ
2
)
BA(Ib)
m1m3
m2m4 ,
(4.12)
with
x′4 =
λ˜′4
4piλ
, (4.13)
and where we have defined the bubble function
BA =
1
1 + x′24 tan2
(
piλ
2
) . (4.14)
4.1.2 Regular scalars or critical fermions
The theory with Ns regular scalars is already subsumed in our analysis above. The two-point
functions of Ab and Sb are given by (4.9).
To get to the theory of Nf critical fermions, we begin with the theory of Nf regular
massless fermions. The critical theory is obtained by Legendre transforming with respect to
the fermion bilinear Jf . The two-point function of the Legendre dual σF is
〈(σF )m1m2(q)(σF )m3m4〉 = (−Gf (q))−1 δm1m4δm3m2 = Gf,c(q)δm1m4δm3m2 ,
Gf,c(q) =
4pi|λ| cot
(
pi|λ|
2
)
N
1
|q| .
(4.15)
Decomposing σF into traceless and traceful parts A˜ and S˜, we have
〈A˜m1m2(q)A˜m3m4〉 = Gf,c(q)(If )m1m3m2m4 , 〈S˜(q)S˜〉 = NfGf,c(q) . (4.16)
4.1.3 Critical scalars and regular fermions
This theory is obtained by starting with the theory of Ns regular scalars and Nf regular
fermions, setting the sextic and quartic deformations λ˜6, λ˜
′
6, etc., to vanish. We then Legendre
transform with respect to the scalar bilinear Jb. Denoting the dual field as J˜b, we have
〈(J˜b)α1α2(q)(J˜b)α3α4〉 = (−Gb(q))−1 δα1α4δα3α2 = Gb,c(q)δα1α4δα3α2 ,
Gb,c(q) = −
4pi|λ| cot
(
pi|λ|
2
)
N
|q| .
(4.17)
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Figure 3: The contribution of the sextic coupling λ6 to the three-point function of Jb.
There are implicit blobs connecting adjacent scalar propagators, which sum up the gauge
interactions at large N .
Decomposing J˜b into traceless and traceful parts A˜b and S˜b, we have
〈(A˜b)α1α2(q)(A˜b)α3α4〉 = Gb,c(q)(Ib)α1α3α2α4 , 〈S˜b(q)S˜b〉〉 = NsGb,c(q) . (4.18)
Meanwhile the two-point functions of fermions are those of the pure fermion theory (4.9).
4.2 Three-point functions
Consider again the three-point functions of Jb or Jf in U(N)k Chern-Simons theory coupled
to either a single regular boson or regular fermion. The result of [6, 7] is
〈Jb(q)Jb(q′)Jb〉0 = N
2piλ
(
tan
(
piλ
2
)
cos2
(
piλ
2
) − tan3 (piλ3 )
4
(
1 +
λ6
8pi2λ2
))
1
|q||q′||q + q′| ,
〈Jf (q)Jf (q′)Jf 〉0 = N
2piλ
tan2
(
piλ
2
)
.
(4.19)
Note that the three-point function of Jb is of the correct form for a dimension 1 primary,
while the three-point function of Jf is a pure contact term. The dependence of the three-
point function of Jb on the sextic coupling λ6 only arises through the diagram in Fig. 3, which
factorizes as − λ6
N2
〈Jb(q)Jb〉0〈Jb(q′)Jb〉0〈Jb(−q − q′)Jb〉0.
The generalization to U(N)k Chern-Simons theory coupled to Ns scalars is
〈(Jb)α1α2(q)(Jb)α3α4(q′)(Jb)α5α6〉0 = Tb(q, q′)Pα1α3α5α2α4α6 + T ′b(q, q′)(P ′)α1α3α5α2α4α6 + T ′′b (P ′′)α1α3α5α2α4α6 ,
(4.20)
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with
Tb =
N
2piλ
(
tan
(
piλ
2
)
cos2
(
piλ
2
) − tan3 (piλ2 )
4
(
1 +
λ′′6
8pi2λ2
))
1
|q||q′||q + q′| ,
T ′b = −
Nλ′6 tan3
(
piλ
2
)
64pi3λ3
1
|q||q′||q + q′| ,
T ′′b = −
Nλ6 tan
3
(
piλ
2
)
64pi3λ3
1
|q||q′||q + q′| ,
(4.21)
and the tensor structures are
Pα1α3α5α2α4α6 =
1
3!
(δα1α4δ
α3
α6δ
α5
α2 + (permutations)) ,
(P ′)α1α3α5α2α4α6 =
1
3
(δα1α2δ
α3
α6δ
α5
α4 + δ
α3
α4δ
α1
α6δ
α5
α2 + δ
α5
α6δ
α1δα4δ
α3
α2) ,
(P ′′)α1α3α5α2α4α6 = δ
α1
α2δ
α3
α4δ
α5
α6 .
(4.22)
This data can be reorganized into the three-point functions of the traceless and traceful parts
of Jb. The three-point function of adjoints is essentially that for the theory of a single scalar,
〈(Ab)α1α2(q)(Ab)α3α4(q′)(Ab)α5α6〉0 = Tb(q, q′)(Hb)α1α3α5α2α4α6 , (4.23)
up to a group theory factor
(Hb)
α1α3α5
α2α4α6 =
1
3!
(δα1α4δ
α3
α6δ
α5
α2 + (permutations)− (traces)) , (4.24)
appropriate for the three-point function of adjoint representations. We also have
〈S(q)(Ab)α1α2(q)(Ab)α3α4〉0 =
(
Tb(q, q
′) +
Ns
3
T ′b(q, q
′)
)
(Ib)
α1α3
α2α4 (4.25)
=
N
2piλ
(
tan
(
piλ
2
)
cos2
(
piλ
2
) − tan3 (piλ2 )
4
(
1 +
Nsλ˜
′
6
8pi2λ2
))
1
|q||q′||q + q′|(Ib)
α1α3
α2α4 ,
where λ˜′4 is the redefined sextic coupling ∼ λ˜′6Sbtr(A2b) given in (4.3). Finally the three-point
function of traces is
〈S(q)S(q′)S〉0 = NsTb(q, q′) +N2s T ′b(q, q′) +N3s T ′′b (q, q′)
=
NNs
2piλ
(
tan
(
piλ
2
)
cos2
(
piλ
2
) − tan3 (piλ2 )
4
(
1 +
N2s λ˜6
8pi2λ2
))
1
|q||q′||q + q′| ,
(4.26)
where λ˜6 is the sextic coupling ∼ λ˜6S3b in (4.3). The three-point function of a single Ab with
two scalars Sb is forbidden by symmetry.
In each case we see that the dependence of the three-point function on the couplings is the
same as that for a single scalar (4.19) upon replacing the triple-trace coupling λ6 with either
– 27 –
the triple-trace coupling of three adjoints, λ˜′′6 = λ′′6, the coupling of a scalar with two adjoints,
λ˜′4, or the coupling of three scalars, λ˜6. With this in mind, we define the normalization factor
Nb(z) = N
2piλ
(
tan
(
piλ
2
)
− z tan3
(
piλ
2
))
, (4.27)
along with
z6 =
λˆ2
4λ2
− 1 = 1
4
(
−3 + N
2
s λ˜6
8pi2λ2
)
, z′6 =
1
4
(
−3 + Nsλ˜
′
6
8pi2λ2
)
, z′′6 =
1
4
(
−3 + λ˜
′′
6
8pi2λ2
)
.
(4.28)
The combination λˆ
2
4λ2
is the same one that appears in the thermal free energy (3.32) of this
model. In this convention, the three-point functions are
〈(Ab)α1α2(q)(Ab)α3α4(q′)(Ab)α5α6〉 = Nb(z′′6 )
(Hb)
α1α3α5
α2α4α6
|q||q′||q + q′| ,
〈Sb(q)(Ab)α1α2(q′)(Ab)α3α4〉 = Nb(z′6)
(Ib)
α1α3
α2α4
|q||q′||q + q′| ,
〈Sb(q)Sb(q′)Sb〉 = NsNb(z6)|q||q′||q + q′| .
(4.29)
Similarly, for U(N)k Chern-Simons theory coupled to Nf fermions we have
〈(Jf )m1m2(q)(Jf )m3m4(q′)(Jf )m5m6)〉0 = Tf (q, q′)Pm1m3m5m2m4m6 , (4.30)
with
Tf (q, q
′) =
N
2piλ
tan2
(
piλ
2
)
. (4.31)
Decomposing into the three-point function of adjoints and scalars we have
〈(Af )m1m2(q)(Af )m3m4(q′)(Af )m5m6〉0 = Tf (q, q′)(Hf )m1m3m5m2m4m6 ,
〈Sf (q)(Af )m1m2(q′)(Af )m3m4〉0 = Tf (q, q′)(If )m1m3m2m4 ,
〈Sf (q)Sf (q′)Sf 〉0 = NfTf (q, q′) .
(4.32)
We also define the (at this stage, redundant) fermionic normalization
Nf = N
2piλ
tan2
(
piλ
2
)
. (4.33)
As in our discussion of two-point functions, these results for the three-point functions for
the theory of just fermions or just scalars continue to hold for the theory with fermions and
scalars, provided that the double-trace couplings ∼ SbSf and, for Ns = Nf , tr(AbAf ), are set
to vanish.
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Figure 4: The three-point function of Sb with two Ab’s is that of the undeformed theory,
with a sum over bubbles attached to the Sb vertex of the undeformed three-point function.
4.2.1 Regular scalars and fermions
We return to the theory with Ns regular scalars and Nf regular fermions. We turn on the
double trace deformations λ˜4 and λ˜
′
4, and obtain the three-point functions of the deformed
theory by summing up bubbles as we did for two-point functions.
Ns 6= Nf : As we saw in our analysis of two-point functions, the two-point function of adjoints
Ab and Af are unmodified, but the two-point functions of the scalar bilinear Sb = (φ
†
αφα)
and Sf = (ψ¯mψ
m) are, by the coupling λ4SbSf . In particular Sb can bubble into Sf .
Consequently the three-point functions of adjoints Ab and Af are unmodified, taking on
the values given in Eqs. (4.23), (4.29), (4.26), and (4.32). The mixed three-point functions of
Ab with Af vanish.
The three-point function of Sb with two Ab’s is now modified. The large N correlator
is given by gluing a sum of bubble diagrams to the Sb vertex of the three-point function
〈SbAbAb〉0 in (4.29). See Fig. 4. The result is
〈Sb(q)(Ab)α1α2(q′)(Ab)α3α4〉 =
∞∑
n=0
(− λ˜4
N
)2
〈Sb(q)Sb〉0〈Sf (q)Sf 〉0
n 〈Sb(q)(Ab)α1α2(q′)(Ab)α3α4〉0
= BSNb(z′6)(Ib)α1α3α2α4 . (4.34)
(Here x4 =
λ˜4
4piλ .) There is a similar modification to the three-point function of Sf with two
Af ’s, although since this is a pure contact term we neglect it here. The more interesting effect
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is that we can have a three-point function of Sf with two Ab’s,
〈Sf (q)(Ab)α1α2(q′)(Ab)α3α4〉 = x4NfBS tan
(
piλ
2
)
Nb(z′6)
(Ib)
α1α3
α2α4
|q′||q + q′| . (4.35)
This is the appropriate forms for the three-point function of two dimension 1 operators with
a dimension 2 operators. The three-point functions 〈SbAfAf 〉 and 〈SbSfSf 〉 can also be
computed, but these are pure contact terms.
There are also the three-point functions of Sb and Sf . The three-point function of Sb
is given by a sum of two terms, one involving the three-point function 〈SbSbSb〉0 dressed by
bubble on each vertex, and another involving the three-point function 〈SfSfSf 〉0, also dressed
by bubbles on each vertex. In an equation,
〈Sb(q)Sb(q′)Sb〉 =
 ∞∑
n=0
( λ˜4
N
)2
〈Sb(q)Sb〉0〈Sf (q)Sf 〉0
n3 〈Sb(q)Sb(q′)Sb〉0
+ G(q)G(q′)G(−q − q′)〈Sf (q)Sf (q′)Sf 〉0 ,
(4.36)
with
G(q) = − λ˜4
N
〈Sb(q)Sb〉0
∞∑
n=0
( λ˜4
N
)2
〈Sb(q)Sb〉0〈Sf (q)Sf 〉0
n
= − x4Ns tan
(
piλ
2
)
1 + x24NfNs tan
2
(
piλ
2
) 1|q| = −x4〈Sb(q)Sb〉 .
(4.37)
This evaluates to
〈Sb(q)Sb(q′)Sb〉 = B3S
(
NsNs(z6)− x34N3s tan3
(
piλ
2
)
NfNf
)
1
|q||q′||q + q′| . (4.38)
The mixed three-point function 〈SbSbSf 〉 can be obtained in the same way.
Ns = Nf : Since now the adjoint bilinears Ab and Af can bubble into each other, all three-
point functions allowed by symmetry are generated. They arise in essentially the same way as
the modified three-point function of Sb above in (4.36). We find that the three-point functions
of Ab and Af are
〈(Ab)m1m2(q)(Ab)m3m4(q′)(Ab)m5m6〉 = B3A
(Nb(z′′6 )−X ′3Nf) (Hb)m1m3m5m2m4m6|q||q′||q + q′| ,
〈(Ab)m1m2(q)(Ab)m3m4(q′)(Af )m5m6〉 = B3A
(
X ′Nb(y′′6) +X ′2Nf
) (Hb)m1m3m5m2m4m6
|q||q′| .
(4.39)
The three-point functions 〈AbAfAf 〉 and 〈AfAfAf 〉 are contact terms. To simplify the ex-
pression, we have defined the factor
X ′ = x′4 tan
(
piλ
2
)
. (4.40)
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The simple way to understand this is the following. Each three-point function is the sum
of two terms, one involving the three-point function of adjoints in the pure bosonic theory,
Nb(y˜′′6), and one involving the three-point function of adjoints in the pure fermion theory,
Nf . The group theory factor and momentum dependence are fixed by symmetry. The bubble
factors arise for each adjoint insertion. When Ab bubbles into Af it introduces a factor of
−X ′, and when Af bubbles into Ab it introduces a factor of X ′.
The mixed three-point functions of one scalar and two adjoints arise in a similar way,
〈Sb(q)(Ab)m1m2(q′)(Ab)m3m4〉 = BSB2A
(Nb(z′6)−XX ′2Nf) (Ib)m1m3m2m4|q||q′||q + q′| ,
〈Sf (q)(Ab)m1m2(q′)(Ab)m3m4〉 = BSB2A
(
XNb(z′6) +X ′2Nf
) (Ib)m1m3m2m4
|q′||q + q′| ,
〈Sb(q)(Ab)m1m2(q′)(Af )m3m4〉 = BSB2A
(
X ′Nb(z′6) +XX ′Nf
) (Ib)m1m3m2m4
|q||q′| ,
(4.41)
with 〈SbAfAf 〉, 〈SfAfAb〉, and 〈SfAfAf 〉 contact terms. In analogy with X ′ we have defined
the factor
X = x4Nf tan
(
piλ
2
)
, (4.42)
which arises whenever Sf bubbles into Sb; and minus this factor arises when Sb bubbles into
Sf . Finally the three-point functions of SU(Nf ) scalars are
〈Sb(q)Sb(q′)Sb〉 = NfB3S
(Nb(z6)−X3Nf) 1|q||q′||q + q′| ,
〈Sb(q)Sb(q′)Sf 〉 = NfB3S
(
XNb(z6) +X2Nf
) 1
|q||q′| ,
(4.43)
with 〈SbSfSf 〉 and 〈SfSfSf 〉 contact terms.
4.2.2 Regular scalars or critical fermions
We already dealt with the theory of Ns regular scalars above. For the theory of Nf critical
fermions, we begin with the three-point functions of the theory of Nf regular fermions. Our
analysis continues that of Subsection 4.1.2.
We begin by rescaling the critical fermion “bilinear σF as
σF → N
4piλ
σF , (4.44)
so that the two-point functions of its scalar and adjoint parts S˜ and A˜ are
〈A˜m1m2(q)A˜m3m4〉 =
N
4piλ
cot
(
piλ
2
)
(If )
m1m3
m2m4
|q| , 〈S˜(q)S˜〉 =
NNs
4piλ
cot
(
piλ
2
)
1
|q| . (4.45)
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Following [7] we find the three-point functions to be
〈A˜m1m2(q)A˜m3m4(q′)A˜m5m6〉 = −
N
2piλ
(
cot
(
piλ
2
)
+ 2piλλ˜′′6F cot
3
(
piλ
2
))
(Hf )
m1m3m5
m2m4m6
|q||q′||q + q′| ,
〈S˜(q)A˜m1m2(q′)A˜m3m4〉 = −
N
2piλ
(
cot
(
piλ
2
)
+ 2piλNf λ˜
′
6F cot
3
(
piλ
2
))
(If )
m1m3
m2m4
|q||q′||q + q′| ,
〈S˜(q)S˜(q′)S˜〉 = −NNf
2piλ
(
cot
(
piλ
2
)
+ 2piλN2f λ˜6F cot
3
(
piλ
2
))
1
|q||q′||q + q′| .
(4.46)
4.2.3 Critical scalars and regular fermions
In this case all three-point functions of spin-zero bilinears are constants, and so contact terms.
We do not consider them further.
5 Testing dualities
5.1 Critical bosons and regular fermions
Let us put the pieces together, beginning with the simplest theory, that of U(N)k Chern-
Simons theory coupled to Ns critical scalars and Nf regular fermions. We found the free
energy to be (3.52)
F = NfFf (N,λ, µF ) +NsFs,c(N,λ, µB,c) ,
where Ff is the free energy of the theory with a single regular fermion, and Fs,c that of the
theory of a single critical scalar. The fermion and boson thermal pole masses µF and µB,c
are given by (3.51).
This theory has scalar and fermion bilinears of spin-zero, Jb and Jf , of dimension 2 +
O(1/N). Their three-point functions are pure contact terms. There are also spin s = 1, 2, ..
operators Jsb and J
s
f in the adjoint representation of U(Ns) and U(Nf ) respectively, whose
two- and three-point functions are essentially those of the spin s = 1, 2, .. bilinears of the
theory with a single critical scalar, or a critical fermion.
As a result the only non-trivial test of the master duality (1.1) we can perform7 is to see
whether F is invariant under
N ↔ |k| −N , λ↔ λ− sgn(λ) , Ns ↔ Nf . (5.1)
This immediately follows from the known result [8] that the free energies Ff and Fs are
exchanged under this map,
Ff (N,λ, µ) = Fs,c(|k| −N,λ− sgn(λ), µ) , (5.2)
and further that the equations for the pole masses, (3.51), which do not depend on Nf or Ns,
are exchanged under it.
7It would be interesting to study insertions of the mixed bilinears (ψ¯φ) of dimension 3
2
+ O(1/N). The
three-point function of two mixed bilinears with Jb and Jf would provide a non-trivial test.
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5.2 Regular scalars, critical fermions
The thermal free energy of U(N)k Chern-Simons theory coupled to Ns regular scalars is given
by (3.38),
Freg = − NNsV2
2pi2iβ3|λ|
{
µ2B
3
Li2
(
e−µB+pii|λ|
)
+
ˆ ∞
µB
dy y Li2
(
e−y−pii|λ|
)
− c.c.
}
,
where the thermal pole mass µ2B is determined by (3.32)
µB =
1
2
√
1 +
N2s λ˜6
8pi2λ2
(
|λ|µB − 1
pii
[
Li2
(
e−µB+pii|λ|
)
− c.c.
])
, (5.3)
The two- and three-point functions of the scalar bilinears Sb and Ab are given in Subsec-
tions 4.1 and 4.2 respectively.
The thermal free energy of U(N)k Chern-Simons theory coupled to Nf critical fermions
is (3.45), which we reprise
Fcrit =
NNfV2
2pi2iβ3|λ|
{
µ2F,c
3
Li2
(
−e−µF,c+pii|λ|
)
+
ˆ ∞
µF,c
dy y Li2
(
−e−y+pii|λ|
)
− c.c.
}
,
where µF,c is the thermal pole mass given by (3.43) and (3.44),
(1− |λ|+G)µF,c = − 1
pii
[
Li2
(
−e−µF,c+pii|λ|
)
− c.c.
]
, G = (1− 2piλN2s λ˜6F )−1/2 , (5.4)
where λ˜6F is the triple trace coupling ∼ S˜3 defined in (4.6). The two- and three-point
functions of critical fermion “bilinears” S˜ and A˜ are given in Subsections 4.1.2 and 4.2.2.
Comparing the two-point functions of scalar bilinears in the theory of Nf regular scalars
in (4.9) with those of the bilinears in the theory of Nf critical fermions in (4.45), we see that
they are consistent with duality under
N ↔ |k| −N , k → −k , Sb ↔ ±S˜ , Ab ↔ ±A˜ .
The three-point functions in the theory of regular scalars are given in (4.29) and those
in the theory of critical fermions are in (4.46). Comparing the two, we see that they are also
consistent provided that Sb ↔ −S˜, Ab ↔ −A˜, and
z6 ↔ −2piλN2f λ˜6F , z′6 ↔ −2piλNf λ˜′6F , z′′6 ↔ −2piλλ˜′′6F . (5.5)
Solving for the transformations of λ˜6, λ˜
′
6, and λ˜
′′
6, we find essentially three copies of the same
map
λ˜6 → 8pi
2
N2f
(1− |λ|2)(3− 8piλN2f λ˜6F ) ,
λ˜′6 →
8pi2
Nf
(1− |λ|2)(3− 8piλNf λ˜′6F ) ,
λ˜′′6 → 8pi2(1− |λ|2)(3− 8piλλ˜′′6F ) .
(5.6)
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In their study of the free energy of U(N)k Chern-Simons theory coupled to a single regular
scalar or a single critical fermion, the authors of [8] showed that, if µ solves the equation for
µB, (5.3), then it also solves the equation for µF,c (5.4) provided that we transform λ˜6 as
above (for Nf = 1). This result continues to hold for Nf > 1, since introducing Nf amounts
to a rescaling of λ˜6 in (5.3) and of λ˜6F in (5.4). It then follows that the free energy Freg
of the theory with regular scalars is equal to that of the theory with critical fermions under
N → |k| −N , k → −k, and the map of triple-trace couplings in (5.6).
5.3 Regular bosons and regular fermions
The thermal free energy is given in (3.38), and it takes the form
F = NfFf (N,λ, µF ) +NsFs(N,λ, µB) , (5.7)
where Ff and Fb are the thermal free energies of U(N)k Chern-Simons theory coupled to a
single regular fermion or boson. They satisfy
Ff (N, k, µ) = Fs(|k| −N,λ− sgn(λ), µ) . (5.8)
The thermal pole masses µB and µF obey (3.32), which we reproduce here
µ2B = (z6 + 1)h
2
B + x˜4(hF − 2x˜4hB)hF ,
µF = hF − x˜4hB ,
(5.9)
while hB and hF are given by (3.28), z6 was defined in (4.28), and
x˜4 = Nfx4 =
Nf λ˜4
4piλ
=
Nfλ4 + λ
′
4
4piλ
, (5.10)
is the normalized double-trace coupling ∼ SbSf . The theory has spin-zero operators Jb and
Jf , whose two- and three-point functions are given in Subsections 4.1.1 and 4.2.1.
In terms of the decomposition of the multi-trace couplings at the beginning of Section 4,
the free energy only depends on the double-trace coupling λ˜4SbSf and triple-trace coupling
λ˜6S
3
b .
As we remarked before, these results are consistent with a duality only when Ns = Nf .
From the point of view of the thermal free energy, the duality exchanges the thermal pole
masses µB ↔ µF and Nf ↔ Ns. But, then the operators of the original theory and its
putative dual do not match: the former contains a unique spin-zero operator Jb = (φ
†φ) of
dimension 1 + O(1/N) in the adjoint representation of U(Ns), while the latter has a unique
scalar J˜b = (Φ
†Φ) of dimension 1 +O(1/N), but in the adjoint representation of U(Nf ).
So we must have Ns = Nf . The marginal couplings of this model can be tuned to a unique
point with enhanced N = 2 SUSY, and there is strong evidence [54, 55] that this theory is
self-dual. The duality map takes the marginal deformations of this theory to those of the
dual, and so at large N we expect there to be a valid duality map at least in a neighborhood
of the N = 2 point.
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5.3.1 N = 2 Giveon-Kutasov duality
Consider the N = 2 point. The triple-trace and double-trace couplings are fixed as in (2.25).
These interactions then take the iterated form
Sint =
ˆ
d3x
(
4pi2λ2
N2
(φ†mφ
n)(φ†nφ
p)(φ†pφ
m) +
4piλ
N
(φ†mφ
n)(ψ¯nψ
m) + . . .
)
, (5.11)
where the dots indicate terms that are subleading at large N . Equivalently, the normalized
multi-trace couplings x˜4, x
′
4, z6, z
′
6, and z
′′
6 that we introduced in the last Section are
x˜4 = x
′
4 = 1 , z6 = z
′
6 = z
′′
6 = 0 . (5.12)
This model is expected to be self-dual under N → |k| −N and λ→ λ− sgn(λ). At finite
temperature, the equations for the pole masses (5.9) become
µ2B = (hB − hF )2 = µ2F = µ2 , (5.13)
and the equal bosonic and fermionic pole masses satisfy
µ =
1
pii
[
Li2
(
e−µ+pii|λ|
)
+ Li2
(
−e−µ−pii|λ|
)
− c.c.
]
. (5.14)
The free energy is then manifestly self-dual on account of (5.8), and simplifies to
F = NfFχ(N,λ) = Nf (Ff (N,λ, µ) + Fs(N,λ, µ)) . (5.15)
Here Fχ(N,λ) is the free energy of the N = 2 theory of U(N)k Chern-Simons theory coupled
to a single chiral multiplet in the fundamental representation. Stated simply, we then have
Fχ(N,λ) = Fχ(|k| −N,λ− sgn(λ)) . (5.16)
The key feature here is that the matter interactions in (5.11) iterate. That feature also
holds for U(N)k Chern-Simons theory coupled to Nf fundamental chiral multiplets (φ
m, ψm)
and Nf antifundamental chiral multiplets (Φ
α,Ψα), whose self-interactions are given by
Sint =
ˆ
d3x
(
4pi2
k2
(φ†mφ
n)(φ†nφ
p)(φ†pφ
m) +
4pi
k
(φ†mφ
n)(ψ¯nψ
m) + . . .
+
4pi2
k2
(ΦαΦ†β)(Φ
βΦ†γ)(Φ
γΦ†α) +
4pi
k
(ΦαΦ†β)(Ψ¯αΨ
β) + . . .
)
.
(5.17)
The free energy of this model follows from our analysis in Section 3.2. It is given by
F = NfFχ(N,λ) +NfFχ¯(N,λ) , (5.18)
where we are somewhat pedantically defining Fχ¯(N,λ) to be the free energy of N = 2 U(N)k
Chern-Simons theory coupled to an antifundamental chiral multiplet. That free energy equals
Fχ, but we split the free energy this way because we expect the free energy to continue to
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factorize even in the presence of mass deformations or chemical potentials for the global
symmetry.
The more general dualities of [55] equate this theory with a magnetic dual, at large
N given by U(|k| − N)−k Chern-Simons theory coupled to Nf antifundamental chirals, Nf
fundamental chirals, and NfNf gauge-neutral “mesons.” The mesons do not contribute at
large N , and so we are in a position to test these dualities as well. However this test is trivial,
on account of the splitting (5.18) and the self-duality at Nf = 1 (5.16).
The two- and three-point functions of scalar and fermion bilinears also simplify dra-
matically at the N = 2 point of U(N)k Chern-Simons theory coupled to Nf fundamental
multiplets. From Subsection 4.1.1 the two-point functions become the duality-invariant ex-
pressions
〈(Ab)m1m2(q)(Ab)m3m4〉 =
N
2piλ
sin
(
piλ
2
)
cos
(
piλ
2
)
(Ib)
m1m3
m2m4
|q| ,
〈Sb(q)Sb〉 = NNf
2piλ
sin
(
piλ
2
)
cos
(
piλ
2
)
1
|q| ,
〈(Af )m1m2(q)(Af )m3m4〉 = −
N
2piλ
sin
(
piλ
2
)
cos
(
piλ
2
)
|q|(If )m1m3m2m4 ,
〈Sf (q)Sf 〉 = −NNf
2piλ
sin
(
piλ
2
)
cos
(
piλ
2
)
|q| .
(5.19)
The three-point functions similarly simplify, e.g.
〈Sb(q)Sb(q′)Sb〉 = NNf
8piλ
sin(2piλ)
|q||q′||q + q′| . (5.20)
5.3.2 N < 2
Now consider a general value of the multi-trace couplings. As we will see this theory is
self-dual under
N ↔ |k| −N , λ↔ λ− sgn(λ) , (5.21)
along with a suitable action on the multi-trace couplings. Rather than simply presenting the
action, let us try to explain where it comes from.
In order for the free energy (5.7) to be invariant under the duality map, (5.8) implies that
the duality exchanges bosonic and fermionic pole masses, µB ↔ µF . Under the combination
of |λ| → 1− |λ| and µb ↔ µF , it follows from (3.28) that
hB → µF − hF , hF → µB − hB , (5.22)
It must then be the case that after these transformations the equations (5.9) are left invariant,
so that they are still solved by µB and µF . The second equation for µF is left invariant
provided that
x˜4 → 1
x˜4
. (5.23)
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The other equation for µB is then left invariant provided that z6 is mapped as
z6 → − z6
x˜34
. (5.24)
As a check, this map squares to the identity. So invariance of the free energy fixes the action
of the duality map on λ˜4 and λ˜6.
For Nf = 1, so that x˜4 =
λ4
4piλ and z6 =
λˆ2
4λ2
− 1, this is the same duality map obtained
in [8], under which λˆ
2
4λ2
→ 1
x˜34
(
1 + x˜34 − λˆ
2
4λ2
)
.
Is this duality map consistent with the two- and three-point functions of bilinears at zero
temperature? And how do the other multi-trace couplings map under the duality? Let us
begin to answer these questions by studying the two- and three-point functions of Sb, (4.11)
and (4.43). Writing them out in full, they are
〈Sb(q)Sb〉 = NNf
4piλ
tan
(
piλ
2
)
1 + x˜24 tan
2
(
piλ
2
) 1|q| = NNf4piλ 1x˜4(X +X−1) 1|q| ,
〈Sb(q)Sb(q′)Sb〉 = NNf
2piλ
1(
1 + x˜24 tan
2
(
piλ
2
))3 1|q||q′||q + q′|
×
(
tan
(
piλ
2
)
− z6 tan3
(
piλ
2
)
− x˜34 tan5
(
piλ
2
))
=
NNf
2piλ
1
(X +X−1)3
(
X−2
x˜4
− z6
x˜34
− X
2
x˜24
)
,
(5.25)
where the in the last line we have written the three-point function in a more suggestive form
using X = x˜4 tan
(
piλ
2
)
. (Under the duality X → −X−1, x˜4 → 1x˜4 , and z6 → − z6x˜34 .) Under
the duality map we have
〈Sb(q)Sb〉 → x˜24〈Sb(q)Sb〉 , (5.26)
along with
〈Sb(q)Sb(q′)Sb〉 → −x˜34〈Sb(q)Sb(q′)Sb〉 . (5.27)
(The first and third terms in the three-point function are exchanged under the duality, with
the middle term left invariant, all up to multiplication by −x˜34.) This is clearly consistent
with the duality, and gives us its action on the operator Sb = (φ
†
mφm),
Sb → −x˜4Sb . (5.28)
Now consider the two-point function of the adjoint bilinear Ab,
〈(Ab)m1m2(q)(Ab)m3m4〉 =
N
4piλ
1
x′4(X ′ +X ′−1)
(Ib)
m1m3
m2m4
|q| , (5.29)
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with X ′ = x′4 tan
(
piλ
2
)
. The three-point functions of Ab with itself or Sb similarly become
〈(Ab)m1m2(q)(Ab)m3m4(q′)(Ab)m5m6〉 =
N
2piλ
1
(X ′ +X ′−1)3
×
(
X ′−2
x′4
− z
′′
6
x′34
− X
′2
x′24
)
(Hb)
m1m3m5
m2m4m6
|q||q′||q + q′| ,
〈Sb(q)(Ab)m1m2(q)(Ab)m3m4〉 =
N
2piλ
1
(X +X−1)(X ′ +X ′−1)2
×
(
X ′−2
x˜4
− z
′
6
x˜4x′24
− X
′2
x′24
)
(Ib)
m1m3
m2m4
|q||q′||q + q′| .
(5.30)
These are consistent with the duality map provided that
Ab → −x′4Ab , x′4 →
1
x′4
, z′6 → −
z′6
x˜4x′24
, z′′6 → −
z′′6
x′34
. (5.31)
The transformation of x′4 implies that X ′ → −1/X ′.
What of the fermion bilinears Sf and Af? Their two-point functions are
〈(Af )m1m2(q)(Af )m3m4〉 = −
N
4piλ
1
x′4(X ′ +X ′−1)
|q|(If )m1m3m2m4 ,
〈Sf (q)Sf 〉 = −NNf
4piλ
1
x˜4(X +X−1)
|q| ,
(5.32)
and, as an example, the three-point function of Sf with two Sb’s is
〈Sb(q)Sb(q′)Sf 〉 = NNf
2piλ
1
(X +X−1)3
(
X−1
x˜4
− Xz6
x˜34
+
X
x˜24
)
. (5.33)
Under the duality map we have
〈Sf (q)Sf 〉 → x˜24〈Sf (q)Sf 〉 , (5.34)
which would suggest that Sf → ±x˜4Sf , but 〈Sb(q)Sb(q′)Sf 〉 does not map to a constant times
the original three-point function. The culprit is the second term in (5.33). As a result the
three-point function is inconsistent with duality, at least under the map Sf → ±x˜4Sf .
The resolution to this seeming breakdown of duality8 is that the duality transformation
of Sf may involve operator mixing, since Sf , S
2
b , and tr(A
2
b) are all of dimension 2 +O(1/N).
We fix the ci as follows. Let
S′f = c0Sf +
c1
NNf
S2b +
c2
N
tr(A2b) , (5.35)
be the transformed fermion bilinear. Large N factorization implies that to leading order in
large N ,
〈Sb(q)Sb(q′)S2b 〉 =
N2N2f
8pi2λ2
1
x˜24(X +X
−1)2
1
|q||q′| , 〈Sb(q)Sb(q
′)tr(A2b)〉 = 0 . (5.36)
8We are grateful to O. Aharony for pointing out this resolution.
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Thus
〈S′f (q)S′f 〉 = c20〈Sf (q)Sf 〉+ . . . , (5.37)
where the dots indicate subleading terms at large N . Comparing with (5.34) we see that
c0 = ±x˜4. The three-point function with S′b = −x˜4Sb is
〈S′b(q)S′b(q′)S′b〉 = x˜24c0〈Sb(q)Sb(q′)Sf 〉+
x˜24c1
N
〈Sb(q)Sb(q′)S2b 〉 (5.38)
= ±x˜34
NNf
2piλ
1
(X +X−1)3
(
X−1
x˜4
− Xz6
x˜34
+
X
x˜24
± c1
4piλ x˜34
(X +X−1)
)
1
|q||q′| .
Under the duality that three-point function (5.33) transforms as
〈Sb(q)Sb(q′)Sf 〉 → −x˜34
NNf
2piλ
1
(X +X−1)3
(
X−1
x˜4
+
X−1z6
x˜34
+
X
x˜24
)
1
|q||q′| . (5.39)
Comparing these two expressions we see that
c0 = −x˜4 , c1 = −4piλ z6 . (5.40)
A similar computation involving the three-point function
〈(Ab)m1m2(q)(Ab)m3m4(q′)Sf 〉 =
N
2piλ
1
(X ′ +X ′−1)2(X +X−1)
(
X ′−1
x′4
− Xz
′
6
x˜4x′24
+
X ′
x′24
)
1
|q||q′| ,
(5.41)
along with 〈Ab(q)Ab(q′)A2b〉 fixes
c2 = −4piλz′6 . (5.42)
By a similar analysis we find that the two-point function of Af and the mixed three-point
functions with a single Af are consistent with duality under the map
Af → −x′4Af −
4piλz′′6
N
A2b −
4piλz′6
NNf
AbSb . (5.43)
All in all, we have four three-point functions involving the fermion bilinears Sf and Af , we use
those to fix the four mixing parameters allowed by symmetry in their duality transformation.
5.3.3 Summary
Let us summarize the duality map. We can parameterize the matter interactions of U(N)k
Chern-Simons theory coupled to Nf regular scalars and fermions as
Smatter =
ˆ
d3x
{
ψ¯m /Dψ
m + |Dφm|2 + 4pix˜4
kNf
SbSf +
4pix′4
k
tr(AbAf )
+
4pi2(3 + 4z6)
3k2N2f
S3b +
4pi2(3 + 4z′6)
k2Nf
Sbtr(A
2
b) +
4pi2(3 + 4z′′6 )
3k2
tr(A3b)
}
,
(5.44)
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up to terms which do not contribute at large N . We have obtained evidence that this model
is dual under
N ↔ |k| −N , k → −k ,
along with
x˜4 → 1
x˜4
, x′4 →
1
x′4
, z6 → − z6
x˜34
, z′6 → −
z′6
x˜4x′24
, z′′6 → −
z′′6
x′34
. (5.45)
The spin-zero scalar bilinears map as
Sb → −x˜4Sb , Ab → −x˜4Ab , (5.46)
and the spin-zero fermion bilinears as
Sf → −x˜4Sf − 4pi
k
(
z6
Nf
S2b + z
′
6tr(A
2
b)
)
, Af → −x′4Af −
4pi
k
(
z′6
Nf
AbSf + z
′′
6A
2
b
)
. (5.47)
A nice consistency check on our result is that the action of the duality squares to the identity
on these couplings and operators.
We can compare our results with those recently obtained for N = 1 Chern-Simons-matter
theory [26]. This theory has an N = 1 submanifold parameterized by
x˜4 =
ω1 + 1
2
, x′4 =
ω2 + 1
2
, z6 =
3
4
(
ω21 − 1
)
,
z′6. =
1
4
(ω2(2ω1 + ω2)− 3) , z′′6 =
3
4
(
ω22 − 1
)
,
(5.48)
where the parameters ω1 and ω2 are related to the quartic superpotential couplings w1 and
w2 in (2.22) as
w1 =
2piλ
Nf
(ω1 − ω2) , w2 = 2piλω2 . (5.49)
The N = 2 point is ω1 = ω2 = 1. Curiously, Jf does not mix with J2b at that point. The
duality above implies that the superpotential couplings ω1 and ω2 map as
ω1 → 3− ω1
1 + ω1
, ω2 → 3− ω2
1 + ω2
. (5.50)
This agrees with the result obtained in [26] by looking at a subset of two- and three-point
functions in the conformal theory, as well as the pole masses of the mass-deformed model.
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